Growing trends towards miniaturization and improved functionality of chip packages have driven thermal analysts to explore innovative board designs that are cooled by multiple heat sinks. In view of pressing needs to reduce turnaround times, compact models have been developed in recent years for the purpose of decreasing the computational effort in systemlevel simulations of coupled heat sinks. This article focuses on the porous block model that is based on replacing an actual heat sink by the volume of fluid that once enveloped the fins. Thermal equivalence is achieved by increasing the thermal conductivity of the lumped fluid above the base plate until the thermal resistance of the actual heat sink is matched. The popularity of the porous block model can be attributed to its ability to approximate the three-dimensional isotherms established in a detailed heat sink. While previous investigations have focused on a numerically calculated effective thermal property of the compact model, this article presents a methodology leading to a closed-form analytical alternative. The explicit solutions that we provide are not only limited to the rectangular porous block models used in former studies. Rather, we extend the analysis to cover most fundamental body shapes and flow configurations under both free and forced convection modes. The exact or approximate formulations that we provide apply to most common Nusselt number correlations and obviate the need for initial guesswork or user-intervention to achieve convergence. They can be directly implemented in lieu of iterative algorithms to reproduce the equivalent thermal conductivity of a given heat sink. 
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I. Introduction
HE introduction of the microprocessor by Intel Corporation in 1971 has been accompanied by a rapid development of large-capacity memory chips whose packing density has increased from 10 million components in 1990 to 10 billion in 2000. 1 Excessive increases in very large-scale integration (VLSI) chip density have been further compounded by continued Butterbaugh and Kang, 11 Visser and Gauche, 12 and many others. 13 Heat sinks can be operated under free or forced convective modes depending on the cooling load requirement. Free convection remains the most desirable and deliberate form of cooling being quiet, reliable, simple, and, most of all, free. Nevertheless, thermally-induced buoyancy currents have not always been adequate in cooling high-density chip packages. Thermal-enhancement techniques are often needed to lower the resistance of a heat sink by increasing its effective surface area beyond the optimal value granted by free convection. To do so, higher fin densities per base plate are needed, and these require better air circulation than is possible naturally. The push or pull air cooling approach is usually resorted to and this is accomplished through the use of intake and/or exhaust fans. 14 In its early development, heat sink implementation was slow and expensive as it mostly relied on a blend of theory 13, 14 and experimentation. [15] [16] [17] With the dramatic growth in computer technology, this focus has shifted to the use of computational fluid dynamics (CFD). [10] [11] [12] [13] [14] The latter has appeared to offer a fast and reliable alternative, especially when applied to small-scale assemblies.
The adoption of CFD as the method of choice has not been without challenges. Despite modern leaps in processor speed, the discretization demands in modeling increasingly more sophisticated arrays of microchips seem to be in constant catch-up mode with available computer resources. This is especially true when considering the significant number of boards, pads, high frequency interconnects, and space constraints in designing populated assemblies of multichip modules (MCMs). While a detailed CFD treatment may be practical in analyzing small subassemblies, it clearly becomes overly timeconsuming and unaffordable in many applications of real concern.
In order to better cope with the accelerated product development cycles confronting thermal engineers, lumped, coarse, or compact heat sink models have been proposed in recent years. Examples abound and one may cite the forced convection simulations by BarCohen, Elperin and Eliasi, 18 Krueger and Bar-Cohen, 19 Culham, Yovanovich and Lee, 20, 21 Linton and Agonafer, 22 Butterbaugh and Kang, 11 Visser and Gauche, 12 Patel and Belady, 23, 24 Kim and Lee, 25 and Narasimhan and Kusha. 26 The same principle has been extended to physical settings involving free convection by Narasimhan and Majdalani. 27, 28 All in all, the main idea has been to replace the heat sink with a simpler model that is capable of providing the same thermal and fluid resistance properties exhibited by the actual device. For added convenience, compact modeling has relied on known empirical correlations for predicting flow attributes. Based on the thermal resistance concept, three techniques have been employed so far. These are the 'boundary condition independent BCmodel,' the 'flat plate boundary-layer model,' and the 'porous block' or 'volume resistance model.'
The BC model is based on the notion that a chip package can be characterized by a limited number of well-chosen thermal resistances. At the outset, the model's level of complexity and detail can vary significantly depending on the thermal design requirements. In simple models, a single lumped thermal capacitance is used for each distinct component. In more sophisticated representations, multiple resistors, nodes and shunts can be used in representing top, bottom, side and lead areas that provide passage to heat. The purpose is for the resulting thermal network to provide acceptable approximations - Lemczyk et al., 34, 35 Lasance, Vinke and Rosten, 36 and several others. The flat plate model is also based on an equivalent thermal resistance concept that has been thoroughly described by Culham, Yovanovich and Lee. 21 In short, it is implemented by determining the overall thermal resistance T R from the heat sink and then assigning it either to the base plate, the extended base plate, the raised fin, or the raised fin with base plate assembly.
Instead of assigning the effective thermal resistance to a two-dimensional surface, the porous block model is different in that it distributes T R uniformly over the three-dimensional volume of fluid that was once occupied by the fins. Following Patel and Belady 23 or Narasimhan and Majdalani, 28 reducing the thermal resistance of the volume of fluid above the base plate can be accomplished by artificially increasing its thermal conductivity. An effective thermal conductivity e k can thus be determined and assigned to the volume of fluid in an attempt to match the required thermal resistance T R . Being capable of reproducing threedimensional temperature maps and heat transfer pathways in an actual heat sink, this approach has been recently adopted by Narasimhan, Bar-Cohen and Nair. 37 In forced convection models, an equivalent pressure loss coefficient needs to be additionally determined in order to account for the flow resistance across the finned space. This problem is further exacerbated by the 'flow bypass effect' caused by the presence of complicated flow pathways through and around the heat sink. In practice, this effect is often manifested by the formation of horseshoe vortices around the heat sink. These vortices are attributed to the increased hydraulic resistance resulting from the narrowing down of flow passages. The higher flow impedance causes the cooling fluid to escape through the side or top clearance above the fin tips following the path of least resistance (Kim and Lee 25 ). Inevitably, the flow bypass effect becomes significant in unducted heat sinks where no shroud is available to suppress the flow bypass. Studies aiming at improving the prediction of hydraulic loss coefficients include those by Souza, Mendes and Santos, 15 Vogel, 16 Wirtz, Chen and Zhou, 17 Butterbaugh and Kang, 11 Patel and Belady, 23 Teertstra, Yovanovich and Culham, 38 and Narasimhan, In the free convection models examined by Narasimhan and Majdalani, 27, 28 calculating the small pressure loss in the detailed heat sink simulation has posed a lesser challenge. Conversely, determining the effective thermal conductivity has been considered more difficult due to the increased algebraic complexity of empirical correlations for buoyancy-driven flows.
It should be noted that, throughout these studies, standard heat transfer correlations have been used in calculating equivalent thermal properties. This is especially true of porous block models that require evaluating the effective thermal conductivity e k of the detailed heat sink. In previous investigations, e k had to be determined numerically from standard heat transfer correlations (e.g., those by Churchill and Chu 40 ) for laminar and turbulent flow over a flat plate. Furthermore, applications have been limited to tetrahedral heat sinks that give rise to rectangular porous blocks. In reality, however, electronic cooling applications involve a diverse mix of geometric configurations, sizes, shapes, and orientations. In cylindrical heat sinks, for example, base plates have circular cross-sections. Since non-rectangular heat sinks and base plates have not been considered in compact heat sink modeling, it is the intent of this article to present closed-form solutions for the effective thermal conductivity of different geometric configurations that are encountered in industrial units. Our methodology will be based on either exact or asymptotic solutions for those cases in which e k has been iteratively determined in previous studies. It is hoped that the direct solutions for e k will obviate the need for numerical root solving, bracketing, and user-intervention. Considering that the operating environment for compact heat sinks is not known beforehand, the explicit solutions that we seek for e k will be presented in a general form to facilitate portability. After covering the widely used rectangular geometry, our approach will be extended to other physical configurations that constitute the building blocks of complex heat sinks. In the meantime, our analysis will target both free and forced convection modes under laminar, turbulent and combined flow regimes
II. The Equivalent Thermal Resistance
In order to ensure that the thermal resistance of a compact model matches that of a detailed heat sink, a few steps must be carried out before the effective thermal conductivity of the corresponding porous block can be determined. The key is to obtain the overall heat transfer coefficient characterizing the actual heat sink. These steps are described in several articles including those by Patel and Belady, 23 Kim and Lee, 25 and Narasimhan and Majdalani. 28 They are summarized here for the sake of clarity.
The key step consists of calculating the overall thermal resistance T R of the actual heat sink. This -4-American Institute of Aeronautics and Astronautics parameter is an important figure-of-merit used in characterizing the efficacy of competing chip layouts (Lasance, Vinke and Rosten 36 combines, in most models, the effects of convection and radiation. This is due to both modes of heat transfer being accounted for in the detailed CFD simulations used by most investigators in the process of evaluating T R . This is also true of laboratory measurements in which radiation effects are implicitly captured.
Once U is determined, one can proceed to the third and final step of calculating the effective thermal conductivity of the compact model. This step involves substituting U for e h in an accepted form of the Nusselt number correlation for the specific case at hand. In free convection studies, the archetypical example consists of a laminar buoyancy-driven flow along a vertically oriented base plate. Since the presence of fins is suppressed in the compact representation, the empirical correlation by Churchill and Chu 42 for flow over a vertical plate becomes appropriate. Using standard descriptors, one may write
where the Rayleigh number is given by is used. This assumption is adopted by most thermal analysts to ensure design safety for given cooling load and geometric constraints. In the foregoing relation, all properties are either known or prescribed by the cooling requirement except for e k . One must also recognize that this effective thermal conductivity is not that of the coolant at film temperature. Rather, it is an artificially adjusted value that must be assigned to the parallelepiped of fluid above the base plate that once enveloped the fins. Hence, by properly increasing the thermal conductivity of the block of fluid above the base plate, its thermal resistance is reduced in a manner to reproduce the same three-dimensional thermal resistance associated with the actually finned heat sink. According to the porous block methodology, the thermal conductivity of the coolant is locally increased while entering the 'finned' space above the base plate. This is done for the purpose of promoting the same overall heat transfer coefficient characterizing the detailed heat sink. The reduced thermal resistance above the base can thus produce gradual temperature -5-American Institute of Aeronautics and Astronautics variations that mimic the three-dimensional temperature maps projected by a detailed CFD analysis. Clearly, the porous block approach can be seen to be different from the flat plate model in which the temperature drop max b T T − is applied across the thin base plate.
In past studies, an iterative approach has been resorted to every time to calculate e k from Eq. (1) 
In the current work, a direct asymptotic solution for e k will be developed such that the need for numerical iterations is eliminated. The same approach will also be applied to other fundamental configurations whose effective thermal conductivities have not been evaluated yet.
III. General Free Convection
The technical literature is filled with empirical correlations aimed at predicting free convection heat transfer from an isothermal body to a quiescent fluid. These correlations vary in complexity from the simplest form, Nu Ra
, to the more general form,
. 40 The latter extends over a wider range of Rayleigh numbers and contains two constants 0 a and 1 a that depend on both geometry and flow regime. The leading-order constant 0 a is added to account for thermal diffusion effects as they become increasingly more important at smaller values of Ra L . Based on boundary-layer theory, m is taken to be 1 4 or 1 3 depending on whether the flow is laminar or turbulent.
1 When the cooling fluid is not air, the Rayleigh number is often multiplied by a universal Prandtl number function exhibiting the familiar form ( )
In Eq. (4) the right hand side gives the form of F for laminar flow over a flat plate (see Churchill and Churchill 43 ). For the sake of generality, this correction factor can be readily incorporated by writing
The resulting 
Equation (6) is appropriate of vertical flat plates, inclined flat plates, vertical or horizontal cylinders, vertical cones, spheres, inclined disks, and spherelike surfaces. Corresponding constants in Eq. (6) are listed in Table 1 as well.
In what follows, we hope to present the explicit solution for e k depending on the equation type. By going from simple to complex, we not only hope to cover a broad range of correlations, but also provide sufficient examples to establish a systematic methodology. Such methodology could later be used to derive e k in those physical settings that are not covered here.
IV. Exact e k for Free Convection
For a correlation of the type Nu Ra
, a general solution must be obtained by solving for the meaningful root of 1 0
Two special cases arise depending on whether the flow under consideration is laminar (
). For laminar flow, Eq. (8) yields the cubic polynomial
In this instance, the physical root e k may be determined using Cardano's method 44 Two possibilities emerge depending on the sign of Cardano's discriminant, 
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turbulent, Eckert and Jackson 47 ( ) ( )
10 Ra 10 
10 Ra 10 0.387Ra 
V. Approximate e k for Laminar Free Convection
The difficulty arises when considering the familiar expression (e.g., Churchill and Chu 40 ) ( )
which can be obtained by setting p mr = in Eq. (5).
This relation applies to a number of important shapes whose characteristic constants are furnished in Table 1 . In short, the difficulty stems from e k being simultaneously present in the Nusselt, Rayleigh and Prandtl numbers. This can be seen by rearranging (15) 
It should be noted that, in our search for the most influential term in Eq. (18), quantities that are negative have been discounted as they lead to unphysical thermal conductivities. By considering each of the four enumerated terms as leading-order candidates, the zeroth-order expression for e k is narrowed down to These terms are plotted in Figure 1 alongside the numerical solution. This is carried out for three different geometric shapes to ensure portability. From the plot, it is clear that Term 2 has the most influence since it closely approximates the numerical solution. The parameters used in this comparison correspond to a commercial heat sink modeled by Narasimhan and Majdalani. 
where the superscript is used to denote a type-I solution. To solve for the first-order correction 1 k , the notion of successive approximations is used. Accordingly, Eq. (21) is substituted back into Term 2 of Eq. (18) 
Equation (21) 
When Eq. (24) is substituted back into Eq. (16), a number of terms arise. Some are so small that they can be ignored. The remaining terms are found to be (27) By comparing these approximations to the exact solution in Figure 1 , one realizes that no single term dominates by itself. Rather, one finds that the leadingorder behavior is prescribed by the balance of Terms 1 and 2. Assuming a type-II expansion of the form 
Using successive approximations, Eq. (29) 
Equation (29) is valid for all L and 1 B as long as II // e k k > . Again, the range of applicability is limited by the divergence of the Taylor series expansion involved in the solution.
C. Cut-off Value
The cut-off value that delimits the small and large e k solutions can be determined by carefully examining the convergence criteria for the two cases at hand. Based on Eq. (17) Table 1 . These constants are determined using a parametric study involving 2,000 runs per geometric shape and a correlation coefficient exceeding 0.998. Using Eq. (35), the maximum asymptotic error at the delineation point where both approximations are optimally patched is contained within 2% if e k is at least 5% away from // k . In practice, once the cut-off // k is calculated for a given heat sink application, one may safely use the appropriate correlation depending on the operating range viz.
where both approximations are equivalent at the cut-off point. The degree of precision associated with Eqs. (21) and (29) is illustrated in Figure 2 where analytical and numerical predictions for e k are compared over a wide range of U and three basic configuration shapes.
VI. Approximate e k for Laminar and Turbulent Free Convection
For a broader correlation that remains applicable under turbulent conditions, Churchill and Chu 40 have introduced an expression for flow over a flat plate that has also been adopted in diverse physical settings. Theirs can be generically written as 
At this point the powers of e k can be exposed by inserting Eq. (41) 
For the specific constants ( , , ) m n p listed in Table 1 
The higher-order corrections at 2,3, n = … can be recovered from the recurrence relation 
In the specific cases listed in Table 1 
Equations (52) and (54) are valid for all L and i c so long as
The cut-off value in the dual regime can be obtained following the lines described in Section V.C. The difference is that the current solution depends on two Taylor series for each approximation, as opposed to only one. This can be seen by realizing that both expansions in Eq. (41) will diverge for small U unless (34)- (35) can be used to determine the optimal // k . After 2000 runs per geometric shape, the coefficients of the best fit polynomial are determined with a correlation coefficient exceeding 0.998. In comparison to the numerical solution, the asymptotic result based on patching both solutions at // k deviates by no more than 2% provided that one is at least 5% away from the delineation point. The final solution is expressible by the piecewise form given by Eq. (36) 
(laminar and turbulent) (57)
VII. General Forced Convection
Numerous empirical correlations are available for predicting forced convection heat transfer from bodies of various shapes. Generally, these correlations can be abbreviated by using generic forms that depend on the flow regime. In particular, one may write , combined laminar and turbulent
Equation (61) is instrumental in determining e k for several shapes used in forced convection studies. These are summarized in Table 2 and include empirical constants due to Jacob. 58 The latter pertain to planar cross-sections whose correlations collapse into the simple expression 
where the maximum error remains bounded within 9 
IX. Other Correlations
The analytical expressions obtained in the preceding sections enable us to provide direct estimates for e k in diverse physical settings. This is due to the foregoing generalizations being applicable to a considerable number of flow regimes and geometric configurations. Exact or approximate solutions for e k can now be instantly determined for a number of geometric shapes starting with the widely used flat plate model. Based on their fundamental correlations found in the literature, these different cases have been compiled and included in Tables 1 and 2 for free and forced convection, respectively. It should be noted that some common shapes exhibit multiple correlations depending on the choice of coolant and characteristic ranges. When such is the case, multiple solutions are provided as well. Of particular use to compact models are flows along or across arbitrarily inclined flat plates, disks, and squares. Circular cross-sections become suitable, for instance, when tube-mounted heat sinks are being considered. These can be helpful in modeling a series of heat sinks mounted along a heat pipe. When a three-dimensional component is being cooled from all sides, threedimensional objects such as tetrahedrons and spheroids may be resorted to. Although some models may not be immediately essential to ongoing industrial designs, they can still hold value in the rapidly developing research into advanced cooling technologies. This is especially true in view of current realizations for the need to explore 'shelf technologies' that provide thermal analysts with the valuable and much desired lead-time for future implementation. Since the compact e k value associated with longitudinal flow over a flat plate has been previously validated under free and forced convection conditions, it is hoped that the results derived for other configurations will be further explored in future tests. 
X. Closure
In this article, several analytical expressions were derived for e k . These explicit solutions embody most possible heat pathways and base plate geometries that arise in microelectronic packages. Such approximations are generally valid in industrial applications involving a number of Single and Multiple Chip Packages (SCPs/MCPs), dual in-line packages (DIPs), pin grid arrays (PGAs), plastic leaded chip carriers (PLCCs), leadless ceramic chip carriers (LL-CCCs), ceramic quad packages (CQUADs), and plastic quad packages (PQUADs). From a physical standpoint, the effective thermal conductivity represents a figure-of-merit that assumes an intermediate value greater than that of the coolant (0.026 However, it can be smaller than unity under natural convection conditions. In principle, the sole purpose of using a lumped thermal concept has been to provide an expedient approach in modeling populated chip packages. In some research circles, the success of compact models in predicting temperature distributions has made them indispensable to the efficient development of competitive packaging designs. Ultimately, lumped thermal models may be needed not just for compact heat sink representations, but also for other components used in electronic enclosures. These may include combinations of heat sinks and other emerging technologies that are currently underway.
